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Abstract 

We prove exponential decay of correlations for a class of uniformly 

hyperbolic skew product flows, subject to a uniform nonintegrability condition. 
In particular, this establishes exponential decay of correlations for an open set 
of geometric Lorenz attractors. As a special case, we show that the classical 
Lorenz attractor is robustly exponentially mixing. 


1 Introduction 

Although there is by now an extensive literature on statistical properties for large 
classes of flows with a certain amount of hyperbolicity, the situation for exponential 
decay of correlations remains poorly understood. Groundbreaking papers by Chernov 
and Dolgopyat mm proved exponential decay for certain Anosov flows, namely (i) 
geodesic flows on compact surfaces with negative curvature, and (ii) Anosov flows 
with stable and unstable foliations. The method was extended by HI to cover 
all contact Anosov flows (which includes geodesic flows on compact negatively curved 
manifolds of all dimensions). 

Outside the situation where there is a contact structure, mm relies heavily on 
the smoothness of both stable and unstable foliations, a situation which is patholog¬ 
ical PI: for Anosov flows, typically neither foliation is C^. 

Baladi & Vallee [7] introduced a method, extended by [6], for proving exponential 
decay of correlations for flows when the stable foliation is C^. This is still pathological 
for Anosov flows. However, for uniformly hyperbolic (Axiom A) flows it can happen 
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robustly that one (but not both) of the foliations is smooth. This formed the basis for 
the paper by Araujo & Varandas [5] obtaining exponential decay of correlations for a 
nonempty open set of geometric Lorenz attractors with stable foliations. Then |1] 
obtained exponential decay for a nonempty open set of Axiom A flows with stable 
foliations. 

In this paper, we point out how to relax the regularity condition in [7] from 
to Combining this with the ideas from [B], we are able to prove exponential 

decay of correlations for flows with a stable foliation satisfying a uniform non- 
integrability condition (UNI). This improvement is particularly useful in the case of 
the classical Lorenz attractor where the stable foliation of the flow can be shown to 
be (see [21 Lemma 2.2]), but it seems unlikely that the foliation is C^. Uni¬ 

form nonintegrability was recently established for a convenient induced flow for such 
Lorenz attractors [2]. This includes the classical Lorenz attractor and also vector 
helds that are close. Hence we obtain: 

Theorem 1.1 The classical Lorenz attractor is robustly exponentially mixing. 

The remainder of this paper is organized as follows. In Section [21 we consider 
exponential decay of correlations for a class of nonuniformly expanding skew product 
semiflows satisfying UNI, and extend the result of [7j by showing that certain 
hypotheses can be relaxed to In Section [31 we prove the analogous result for 

nonuniformly hyperbolic skew product flows. In Section [H we apply our main results 
to geometric Lorenz attractors and Axiom A flows. 

Notation Write a„ = 0{hn) or -C hn if there is a constant C > 0 such that 
On < hn for all n. 

2 Semiflows over expanding maps with 

roof functions 

In this section, we prove a result on exponential decay of correlations for a class 
of expanding semiflows satisfying a uniform nonintegrability condition (called UNI 
below). We work mainly in an abstract framework analogous to the one in [7] except 
that we relax the condition that the expanding map is 

Uniformly expanding maps Fix a G (0,1]. Let {(cm,dm) : m > 1} be a count¬ 
able partition mod 0 of U = [0,1] and suppose that F : U —)■ U is on each 

subinterval (cm, dm) and extends to a homeomorphism from [cm, dm] onto Y. Let 
TL = {h ■. Y [cm,dm]} denote the family of inverse branches of F, and let Tin 
denote the inverse branches for F^. 

We say that F : Y ^ Y is a uniformly expanding map if there exist constants 
Cl > 1, Po ^ (0,1) such that 
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(i) l^'loo < CiPq for all h e Tin, 

(ii) I log \h'\ |q < Cl for all h 

where | log|h'| \a = sup^.^^ | log |h'|(a:) —log |/;,'|(|/)|/|x — 1 /|". Under these assumptions, 
it is standard that there exists a unique F-invariant absolutely continuous probability 
measure p with a-Holder density bounded above and below. 


Expanding semiflows Suppose that R : Y ^ M’*' is on partition elements 
{cm,dm) with inf i? > 0. Dehne the suspension = {{y,u) E Y xM:0<m< 
Riy)}/ where {y, R{y)) ~ {Ry, 0). The suspension flow Ft : Y^ Y^ is given by 
Ft{y,u) = {y,u + t) computed modulo identihcations, with ergodic invariant prob¬ 
ability measure = {p x Leb)/.R where R = JyRdp. We say that Ft is a 
expanding semiflow provided 

(iii) |(i?o hy\oo < Cl for all h E R. 

(iv) There exists e > 0 such that 1^1°° ^ 

Uniform nonintegrability Let Rn = R ° dehne 

Rn dl Rn O ^2 . Y ^ M, 

for hi,h 2 E Rn- We require 

(UNI) There exists U > 0, and hi,h 2 E Rno) for some sufficiently large integer Uq > 1, 
such that inf > D. 

The requirement “sufficiently large” can be made explicit. There are constants C^ 
and Cl in Lemmas 12.71 and [2.121 below that depend only on Ui, po, « and the spectral 
properties of the transfer operator of R. We impose in addition the condition U 4 > 
6U3. Then we require no sufficiently large that 


C'“C'4p"°(47r/D)“ < i(2-2cos^)i/2 < 

(2.1) 

2p-°(i + cyc^) < 1, 

(2.2) 

0 

lA 

(2.3) 


where p = p^. From now on, uq and hi, ^2 are hxed throughout the paper. 


Function space Dehne Ra{Y^) to consist of L°° functions v : Y^ —)• R such that 
Ikllo = |u|oo + |n|a < C )0 where 


V\a 


\v{y,u) -v{y',u)\ 
sup -^--- 

(y,n)^{y',u) \y ~ y r 
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Define Fa^^iX^) to consist of functions with ||n|la,A; = Yl’j=o ll^t^lla < °° where dt 
denotes differentiation along the semiflow direction. 

We can now state the main result in this section. Given v G L^{Y^), w G L°°{Y^), 
dehne the correlation function 


Pv,wit) = I vwoFtdX— I vdX I wd^ 


.R 


.R 


Theorem 2.1 Assume conditions (i)-(iv) and UNI. Then there exist constants 
c, G > 0 such that 

< Ce~''^\\v\\a,2\w\oo, 

for all V G iG, 2 (G^), w G L°°{Y^), t > 0. 

An alternative, and more symmetric, formulation is to require that v,w G 
Fa,i{Y^). The current formulation has the advantage that we can deduce the al¬ 
most sure invariance principle (ASIP) for the time-1 map Fi of the semiflow. 

Corollary 2.2 (ASIP) Assume conditions (i)-(iv) and UNI, and suppose that v G 
Fa,zX^) = 0- Then the ASIP holds for the time-1 map: passing to 

an enriched probability space, there exists a sequence Xq, Xi,... of iid normal random 
variables with mean zero and variance X such that 


n—1 n—1 

'^voFl = E Xj + 0(?7,^/'^(log?7,)^/^(loglogn)^/^), 

j=0 j=0 


a.e. 


The variance is given by 


n—1 




j=0 


The degenerate case = 0 occurs if and only if v = x ° Fi — x for some y, where 
y G for all p < oo. 


Proof This is immediate from |2l Theorem 5.2]. ■ 

Suppose that : M —)■ M is an ergodic semiflow dehned on a compact Rie- 
mannian manifold M with probability measure u such that there is a semiconjugacy 
TT : Y^ —)■ M satisfying 7r*/r'^ = u and o vr = ti o Ft. Suppose further that X 
observables n : M —>■ M lift to observables n o vr G Th, 2 (E^)- Then it is immedi¬ 
ate that Pv,w(t) = J V w o (ptdu — J V du J w du decays exponentially for v G G^(M), 
w G L°°{M). As in [TT] . it follows from interpolation that n : M —)■ M is required 
only to be Holder: 
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Corollary 2.3 For any rj > 0, there exist constants c, C > 0 such that 

\Pv,w(t)\ < Ce~‘'^\\v\\cv\w\oo 
for all V e C^{M), w G L°°{M), t > 0. 

Proof Let 5 G (0,1). We can choose v G C‘^{M) with |n — h|oo < and 

Ilh|lc2 < <57^|n|oo- 

Let c, C > 0 be the constants in Theorem 12.11 Then 

\Pv,w{t)\ < Ce~''^\\v\\cAw\oo < Ce~''^6~^\v\oc\w\oo. 


Also 

\pv,w(j'^ Pv^w(j')\ — 2 |n nloolialoo ^ 2 ^^||n|[( 7 i 7 |'zn|oo. 

Setting 5 = we obtain the desired result with c = 077/(2 + 77 ). 


Remark 2.4 In this setting, we obtain from [2] that the ASIP for the time-1 map 
01 holds for all mean zero observables v G Moreover, by [2], Section 6 ], the 

degenerate case cx^ = 0 is of infinite codimension. 

The remainder of this section is devoted to the proof of Theorem 12.11 


2.1 Twisted transfer operators 

For s G C, let P* denote the (non-normalised) twisted transfer operator, 

Ps = Yl ° h. 

h€H 

For V : Y —)■ C, define ||n||Q, = max{|n|oo, IuIq} where |n|a = sup^.^^, | 7 ;(x) — 
v{y)\/\x — 7 / 1 ". Let C^iY) denote the space of functions n : F —)■ C with || 7 ;||a < cx 3 . 
It is convenient to introduce the family of equivalent norms 

\\v\\b = max{|7;|oo, |v|a/(l + 1^1“)}, & G M. 


Note that 


||7;7n||b < 2||7;||b||7n||fc for all 7 ;,tu G C"(y). (2.4) 

Proposition 2.5 Write s = a+ib. There exists e G (0,1) such that the family s ^ Pg 
of operators on (^"(F) is continuous on {a > —e}. Moreover, sup|^|<g \\Ps\\b < 00 . 
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Proof Since diam/i(y) = — ^(0)|, it follows from (ii) and the mean value 

theorem that \h'\ < diamh(y) < . Using the inequality t < 21og(l + t) valid 

for t G [0,1], we obtain \h'x — h'y\/\h'y\ < 2\og{h'x/h'y) < 2Ci\x — ?/|“ and so 

\h'x — h'y\ <2Ci\h'y\\x — y\°‘, for all h e x, y G U. (2.5) 


Note that 

\As,hv\ < e"'^°^|h'||n|oo, 
so supRg^>_^ \Ps\oo < OO by (iv). Also, 

{As,hv){x) - {As,hv){y) = _ e--^°^^y^)e-^^^°^^^^\h'x\v{hx) 

^-aRohiy) (^^-ibRohix) _ ) |/^'a;|y 

+ e-^^°'^^y\\h'x\ - \h'y\)v{hx) + e-^^°^^y'^\h'y\{v{hx) - v{hy)), 

and so 

|(A,,,n)|„ < e^l^°'^l“|a|C'i|h'U|nU + e^l^°"l-2|6rur|h^ 

+ e^l''°"l-2C'i|h'U|i^|oo + 

< C'ie^l''°"l-|h'|oo{(2 + |a| + 2|6r)|n|oo + 

where we have used (12.51) for the third term and the inequality |e** — 1| < 
2 min{l, |t|} < 2|t|" for the second term. Altogether, ||As^ft||6 -C (1 + |(t| + 
|6|“)(1 + |h'|oo- Shrinking e slightly, it follows from (iv) that the series 

J2heH converges uniformly in a G S' for any compact subset S C [—e, cx)). ■ 

The unperturbed operator Pq has a simple leading eigenvalue Aq = 1 with strictly 
positive (7" eigenfunction /q. By Proposition 12.51 there exists e G (0,1) such that 
Per has a continuous family of simple eigenvalues for |(t| < e with associated (7" 
eigenfunctions fa- Shrinking e if necessary, we can ensure that A^- > 0 and fa is 
strictly positive for |cr| < e. 

Remark 2.6 By standard perturbation theory, for any 5 > 0 there exists e G (0, 1) 
such that sup|^|<, |A<^ - 1| < 5, sup|^|<, \fa/fo - lU < ^ and sup|^|<, \fa/fo - lU < 
Hence, we may suppose throughout that 

I < A,, < 2, i/o <fa< 2/o, llfola < \fa\a < 2|/o|a. 

Next, for s = a + ib with |cr| < e we dehne the normalised transfer operators 

LsV = {Kfa)~^Ps{M = {Xafa)~^y^^As^h{faV)- 

hen 

In particular, Lai = 1 for all a and |Ls|oo < 1 for all s (where dehned). 
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2.2 Lasota-Yorke inequality 

Set C2 = Cl/ (1 - p), p = Po • Then 
(iii) I log \h'\ |q < C2 for all h G Hn, n > 1 , 

(iiii) \{Rn o h)'|oo < C2 for all h G "Hn, n > 1 . 

Using the arguments from the beginning of the proof of Proposition 12.51 it follows 
from (iii) that 

diamh(U) < \h'\ < diamh(U), for all h G Rn, n> 1 . (2.6) 

In particular Yhh&Ur, \^'\ — 

\h'x — h'y\ < 2 C 2 \h'y\\x — ioi all h G Rn, n > 1, x,y E Y. (2.7) 

Write 

L> = As,UM, As,h,nV = O h. 

heHn 

Lemma 2.7 There is a constant C 3 > 1 such that 

|T>U < ^-3(1 + |fe|“)|t^|oo + Csp^lvU < 6-3(1 + |&|“){|^|oo + p"\\v\\b}, 

for all s = a + ib, |ct| < e, and all n > 1 , v E 6 “(U). 

Proof Compute that 

{A,h,nv){x) - {As,h,nv){y) = 

^ ^-aR^oh{y)^^-ihR^oh{x) _ e-^^R^°Ay)'^\h'x\v{hx) 

+ {\h' x\ — \h'y\)v{hx) + — v{hy)) 

= Ji + J2 + T3 + J4. 

Using (iiii) and fl2.7p . 

|Ji| < e-^^"°Ay)\^\C2\x - y\\h'x\\v{hx)\ < 62(1 + 2C'2)e-^^'‘°'*(^)|h'p||nU|x - p|“ 

= 62(1 + 2.C2){A^Xn\R\oo){.y)\x - p|“. 

Similarly, IJ 2 I < 2C^(l + 2 C 2 )| 5 |“(v 4 ^,/i,n|t^|oo)(p)|a:-p|“, IJ 3 I < ‘2C2{A„,h,n\'v\oo){y)\x- 
p|“ and IJ 4 I < 6 fp”(A^,ft,„|n|„)(p)|a; - p|". Hence 

\{,As^h,'nV^{x') (^s,h,n'^) (p) I 

< 62{(1 + \b\°'){A„Xn\v\oo){y) + P^{Aa,h,n\v\a){y)]\x - y/^. 
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Using |/^|oo|/<^ ^|oo < 4|/o|oo|/o ^loo < OO and \ fa\a\fa ^loo < 4|/o|a|/o ^loo < oo, we 
obtain 

\{As,h,n{M)i^) - {As,h,n{M)iy)\ 

< C' 2 {( 1 + \bn{Aa,h,n{fa\v\oc)){y) + p'"{Aa,h,n{fMa)){y)}\x - yl"". 

Hence 


A: 


"fAy) ^ "^*An(/<7 

heHn heHn 

< C'i{(l + |6n(L;(|l.U))(9) + p"(i:(|t-U))(!/)}k - VY 

= c-j{(i + ir)i«i»+p”l«u}|i'-!'r 


Finally, 


(L»(a;) - (L»(|/) = (1 - fa{x)fa{y) ^)A^"/^(a;) ^ 

h&'Hn 

+ K'"Uiy)~^{[Yl ^saAMYx) - AsXnifaV 


h&Hn 


heH-n 


and so using |1 - fa{x)fa{y) | < Uf |a; - y\°‘, 


\{L:v){x) - (L»( 2 /)| < C'Ax - yrm\v\)A + + l&l“)l^loo + P>U}\^ - y\^ 

< C3{(1 + |&r)|n|oo + p'^lvlajlx - 2 / 1 “ 


completing the proof. 


Corollary 2.8 ||F"||ft < 20^ for all s = a + ib, |cr| < e, and all n > 1. 

Proof It is immediate that |L”n|oo < Ivloo < By Lemma 12.71 |L”n|Q, < 

2 C3(1 + |&|“)||n||fe. Hence \\L^\\b < max{l,2C3} = 2 C 3 . ■ 


2.3 Cancellation Lemma 

Suppose that e G (0,1) is chosen as in Subsection 12.11 Let be the constant in fl2.ip 
which will be specified later (see Lemma I2.12p . Throughout Bs{y) = {x & Y : 
\x-y\< 5}. 

Given 6 G M, we dehne the cone 

Cfe = I (m, n) : m, n G C'“(U), m > 0, 0 < |n| < m, | loggia < C'4|6|“, 

\v{x) — v{y)\ < C 4 \b\°‘u{y)\x — y\°‘ for all x,//G U |. 

Let r]o = |(\/7- 1) e (|, !)• 











Lemma 2.9 Assume that the (UNI) condition is satisfied (with associated constants 
D > 0 and nQ>l). Let hi, h 2 G T-Lno be the branches from (UNI). 

There exists 6 > 0 and A = 27i/D such that for all s = a + ib, |(j| < e, |6| > An/D, 
and all {u, v) G Cb we have the following: 

For every yo E Y there exists yi G -Ba/|6|(2/o) such that one of the following 
inegualities holds on Bs/\h\{yi): 

Case hi, ^s,/i2,no(/(T^)l — VO-^a,hi,no^f ^(T,/i2,no (/cr^) ; 

Case /l2. (/'cr^) Y Ag^i22^noi,fcr^^\ A ,no (/cr^) “1“ VO-^(y,h2,noi,fcr^fi 


Proof Choose <5 > 0 sufficiently small that 

C(C,5'^<1, < r^o, 2C25<f. 

By (i), ifye Bs/\b\{yo), then \hmy - hmyo\ < CipQ°6/\b\ for m = 1,2. Hence 

\v{hmy) - v{hmyo)\ < C4\b\°‘\u{hmyo)\\hmy - hmi/oT ( 2 . 8 ) 

< CfCid^'uihmyo) < lu{hmyo), m = 1 , 2 . 

Also, for y G Bs/\b\{yo), 

I \ogu{hmyo) - \ogu{h„^y)\ < Cfibl'^fimyo - hmy^ < C"C'4(5“, 


and so 


lu{hmyo) < u{hmy) < r]ou{hmy)- (2.9) 

Similarly, given f G (0,47r/Zl), using fl2.ip we have that for all y G B^pb\{yo), 

\v{hmy) - v{hmyo)\ < CiCip"'°{4:7r/D)°‘u{hmyo) ( 2 . 10 ) 

< 2(2 - 2 cos ^Y^‘^u{hmyo) < \u{hmyo), m = 1, 2. 

Case 1. Suppose that \v{hmyo)\ < \u{hmyo) for m = 1 or m = 2. Then for 
y G Bspbfyn), using ([M]) and (E^, 

\v{h,ny)\ < \v{hmyo) \ + \v{hmy) - f(hm|/o)| 

< \u{h^yo) + \u{h^yii) = luQi^yo) < pou{hmy)- 

Hence \As^h,r^,no{fav){y)\ < r]oAa,hm,no(,fau){y) for all y G Bspbfyo) and Case h^ holds 
with yi = yQ. 

Case 2. It remains to consider the situation where |n(hm2/o)| > \u{hmyo) for both 
m = 1 and m = 2. 

Write As^hm,noifav)iy) = for m = 1,2 and let e{y) = Ofiy) - e 2 iy). 

Choose 5 > 0 as above and A = 2n/D. An elementary calculation [TJ Lemma 2.3] 
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shows that if cos6* < | then + r 2 e *®2 < max{?7o?"i + r 2 ,ri + r]or 2 } and we are 

hnished. So it remains to show that cos9{y) < | for all y G Bim{yi) for some 
2/1 £ -Ba/|6|(2/o)- Eqnivalently, we must show that \0{y) — 7r| < 27r/3. Throughout, it 
suffices to restrict to y & B^m^yo) where ^ = 5 + A < 2A = An/D. 

Note that 6 = V — btjj where -0 = i/hiM ^ = arg(u o hi) — arg(u o h 2 ). We 

begin by estimating V{y) — V{yo) for y G B^/\h\{yQ). For this, it is useful to note by 
basic trigonometry that if |^i|, \z 2 \ > c and \zi — Z 2 \ < c(2 — 2cosa;)^/^ where c > 0 

and |ci;| < vr, then | arg( 2 :i) — arg( 2 ; 2 )| < cz. For m = 1, 2, 

jv(h^y) - v(h^yo)j < ju(h^yo)(2 - 2cos^)^''^, ( 2 . 11 ) 

by fl2.10p . Using in addition that we are in Case 2, 

jv(hmy)j > jv(hmyo)j - jv(hmyo) -v(hmy)j 

> ^u(hmyo) - ^u(hmyo) = ( 2 - 12 ) 

It follows from fl2.11l) and fl2.12p that | arg(n(hm2/)) ~ arg(n(hm2/o))| < 7r/12. We 
conclude that 


\V{y) - F( 2 /o)| < vr/e. 


(2.13) 


By (UNI), 

|6(0(2;) -0(2/o))| > |&||^-2/o|inf |0'| > D\h\\z - yQ\ = (27r/A)|6||z - i/o|. 

Since |6| > dvr/Zl, the interval i?A/|b|(2/o) C Y contains an interval of length at least 
A/|6|, so it follows that b^'i/^z) —i/iyo)) hlls out an interval around 0 of length at least 
27r as z varies in i?A/|b|(2/o)- In particular, we can choose y\ G i?A/|6|(2/o) such that 

- ^(2/0)) = d{yo) - TT mod 27 r. 


Hence 

G{yi) - vr = U( 2 /i) - 60(2 /i) - vr + 0 ( 2 / 0 ) -V{yo) + 60(2/o) = V{yi) -V{yo), 
so by fl2.13l) . 10 ( 2 / 1 ) — vr| < n/6. It follows from (iiii) that \'ip'\oo < 2 C 2 . Hence for 

y e Bs/\b\{yi), 

|0(2/) - vr| < n/Q + \9{y) - 9{yi)\ 

< 7r/6+ |6||0(2/) -'0(2 /i)| + \V{y) -V{yo)\ + \V{yi) -V{yo)\ 

< 7 r /6 + 2 C 2(5 + 7 r /6 + vr/b < 27r/3, 

as required. ■ 

For each choice of 2/0 in Lemma 12.91 we let I denote a closed interval containing 
B^miyji) on which the conclusion of the lemma holds. Write type(/) = hm if we 
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are in case h^- Then we can find finitely many disjoint intervals Ij = [aj,6j+i], 
i = 0, — 1, (where Q = hQ < < hi < ai <■■■< hjsi < ajq = 1) oi 

type(/j) G {hi, h 2 } with diam(/j) G [(5/|&|, 25/|6|] and gaps Jj = [bj, aj], j = 0,..., N 
with 0 < diam(Jj) < 2A/|6|. 

Let T] G [ 770 ,1) and define x : F —)■ [ 77 ,1] as follows: 

• Set X = 1 on F \ (range(hi) U range(h 2 )). 

• On range(hi), we reqnire that x(^i(2/)) = V all y lying in the middle-third 
of an interval of type hi and that x{hi{y)) = 1 for all y not lying in an interval 
of type hi. 

• Similarly, on range(h 2 ), we reqnire that x(^ 2 (|/)) = V for all y lying in the 
middle-third of an interval of type h 2 and that x(^ 2 (|/)) = 1 for all y not lying 
in an interval of type h 2 - 

Since diam(/j) > 5/\h\, we can choose x to be with |x^| < -- where 

P = minm=i, 2 {inf |h(„|}. From now on, we choose rj G [ 770 , 1 ) snfficiently close to 1 
that Ix'l < \b\. 

Corollary 2.10 Let 6, A be as in Lemma f^TPi Let \b\ > Att/D, {u,v) G Cb- Let 
X = x{b,u,v) be the function described above (using the branches hi,h 2 G TLno 
from (UNI)). Then \Lf°v\ < L^°{xu) for all s = a + ib, |(j| < e. 

Let i = [J^Sq Ij where Ij denotes the middle-third of Ij. Each gap Jj, j = 
1..., A — 1, lies between two intervals Jj_i and Ij. Let Jj be the interval consisting 
of Jj together with the rightmost third of /j_i and the leftmost third of Ij. (Also we 
define Jq and J^ with the obvious modifications.) Set J = \J%Jj. Then F = JU J. 
By construction, diam(Jj) > \5/\h\ and diam(Jj) < (|5-|-2A)/|6|. In particular, there 
is a constant 5' = <5/(45-|- 6 A) > 0 (independent of h) such that diam(Jj) > 5' diam( Jj) 
for j = 0 ,..., A — 1 . Since dy/d Leb is bounded above and below, there is a constant 
6" > 0 such that /i(/j) > 6"iJ,{Jj). 


Proposition 2.11 Suppose thatw > 0 is a function with \ logtclo, < K\b( 
jjwdy > 6'" Jjwdy, where 5'" = l5"exp{ —(25 -|- 2 A)"A}. 


Then 


Proof Let x G y G Jj. Then \x — y\ < (25 -|- 2A)/|6| and so \w{x)/w{y)\ < e^' 
where K' = (25 + 2A)“A. It follows that 


wdy > fi{Ij) inf w > 6"e ^ u{Jj) sup w = 26'"y{Jj) sup w > 25'" I w dfi, 


and the result follows. (The factor 2 takes care of the extra interval J^)- 
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2.4 Invariance of cone condition 

Lemma 2.12 There is a constant depending only on Ci, C 2 , |/o~^|oo and \fo\a 
such that for uq satisfying fl2.2p the following holds: 

For all {u, v) G Cb, we have that 

for all s = a + ib, |cr| < e, \b\ > 1. (Here, x = xipi'a,v) is from Corollarv \2. 1(A ) 

Proof Let it = v = Lf^v. Since x'a > pu > 0 and Lg- is a positive operator, 

we have that h > 0. The condition |i)| < h follows from Corollary 12.101 It remains to 
show that I log-u|o < C 4 I 6 I" and that |i)(a;) — v{y)\ < C 4 \b\°‘u{y)\x — 

Now 

u{x) _ fa{y) Ylh&H„o^^^T,no{f(TX'a)){x) 

Hy) fAx) 

Note that |log/„|„ < 4\fQ^\oo\fo\a\x-y\°‘. Hence f„{y)/f„{x) < exp{4|/o-^|oo|/o|ak- 
1 / 1 “}- 

Recall that x ^ 1] and \x'\ < \b\. Hence |(logx)'| < 2|6| so that |logx(a^) — 

logx(l/)| < ‘^\b\\x-y\. Also, since x e 1], we have | logx(a:)-logx(|/)| < log2 < 1. 
Hence 

I logx(3^) - logx(l/)l < 2 min{l, \b\\x - y\} < 2\b\‘^\x - y\^. 

We compute that 


{Aa,h,no{Xu)){x) 


e fi'x f„[hx) x{hx) u{hx) 

{A„,h,no{xu)){y) 


^-^Rngohiy) jpy f^(^hy) x{hy) u{hy) 


< expjCalx - y\}exp{C 2 \x - 7/1“} exp{4\U^Ufo\aCf\x - 7/|“} 

X exp{ 2 C'i“| 6 |“|x - 7/|“}exp{C'i“C'4p”°|6|“|x - 7/|“}. 

Let C4 = 8 1 /o"^ 1 001/0 1 aC*! + 5C2 and choose uq as in fl 2 . 2 p . In particular, C"C'4p”° < 
1 < Cl < C2. Then 

log ^ < (8|/o-'UI/oUCi + 5C2)|6r|x - 7 / 1 “ = C4|6|“|x - 7 /|“, 

u{y) 

so we obtain that | loggia < C4|6|“. 

The verihcation that |7)(x) — v{y)\ < C4|6|“77(7/)|x — 7/|“ involves a calculation 
similar to the one in the proof of Lemma 12.71 though it is convenient to reorder the 
terms slightly. First write 

7)(x) - v{y) = {L^°v){x) - {L^°v){y) = h + h 
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where 


h = K'^°fa{.x) ^{(5^ AsXno{.faV)^i.x) “ ( ^,Mo (/^^)) (l/) } > 

h&H-nQ heUriQ 

h = {fa{y)fa{x)~^ - l)A;"°/^(2/)"^( Y1 ^s,h,no{faV)Yy). 

h&UnQ 

Now 

(^,Mo^^)(^) - {^s,h,no'v){y) = 

+ ^-^Rr^oOhiy) ^^-ibRnoOh{x) _ 

= Jl + t /2 + <^3 + '^4- 

Since {u,v) G C;, and | 6 | > 1, it follows from 02 . 21 ) that 

\v{hx)\ < \v{hy)\ + C 4 ,\b\°‘u{hy)Cip'^°\x — y\°' < u{hy) + \b\°‘u{hy) 

< 2\bru{hy). 

Hence using (iiii) and 02.71) . 

|Ji| < e-‘^^o°^^y^C 2 \a\\x - y\\h'x\\v{hx)\ 

< 2 | 6 |"e-'^^"o°M?/)c' 2 ( 2 C '2 + l)|a: - y\\h'y\u{hy) 

< 2C2{2C2 + l)\bnA„^r,,^,u){y)\x - y\^. 

Similarly, IJ 2 I < { 2 C 2 + l)\b\°‘{A„^h,noU){.y)\x - y\°‘, l^sl < 2C2{A„,h,noU){.y)\x - y\'', 
\Ji\ <2C2\b\°'{A^,h,noU){.y)\x - y\'^ ■ Altogether, 

|(As,ft,no'i;)(a:) - {As,h,nov){y)\ < C'\b\^{A„^h,nou){y)\x - y\^. 

Since |/^|oo < 2|/o|oo, 1/^7< 2|/o'^|oo and y > |, it follows that 

\{AsXno{faV)){x) - {As,h,no {faV)){y)\<8C'\fo\oo\fo^\oo\b\‘^{A^Xno{faXu)){y)\x-y\'^. 

Hence 

|/il < 4 |/„U|/„-'Ua;™/,(»)-■ Y 1 - (4 ,a,„„(/,i.))(!/)| 

heUng 

<^2cyoL\forjbruiy)\x-yr. 

A simpler calculation gives 

I/ 2 I < \fAy)Mx)-^ - l\{L:^{\v\)){y) < 2\U{y)Ux)-^ - l\{L-°{xu)){y) 

< 8 |/o“^|oo|/oUk - 2 /|“h(|/). 

Hence |'0(a;) — v{y) \ < C 4 \b\°'u{y)\x — ?/|" as required. ■ 
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2.5 contraction 

Lemma 2.13 There exist e,/9 G (0,1) such that 

for all m > 1, s = a + ib, |(j| < e, |6| > max{47r/Zl, 1}, and all v G C‘^{Y) satisfying 
\v\a < Ci\b\°^\v\^. 

Proof Define Uq = l,no = v/\v\qo and inductively, 

^m+l iTnnfi 

where Xm = xiP^Um^Vm)- It is immediate from the dehnitions that (uo,Vo) G Ch, and 
it follows from Lemma 12.121 that (um, Vm) ^ Cfe for all m. Hence inductively the Xm 
are well-dehned as in Corollary 12.101 

We will show that there exists /3 G (0,1) such that f dfi < (3 J u'^dfi for all 
m. Then 

|L™°n| = |n|oo|^r’"°w| = |n|oo|nm| < Inloo^m, 

so that 

j d^i<\v\l^ j ul^dfi < (3^\v\l^ j uld^i = P'^\v\l^, 

as required. 

Now 

w = e-^^-o°ph'\{Ux^Um)oh 

heHno 

h£-Hno 


so by Cauchy-Schwarz 


u 


m+1 




no 




TIQ 


< (A™/,)-" 


u 


fa 

fo 

oo 

f2a 




h&Hn 


h&Hn 


<mL7{uD LZixl) 

where (noting that Aq = 1), 

e(cr) = 


fo 


f2a 


fa 


fa 

fa 

OO 

fa 

OO 

fo 

OO 

f2a 
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As in Subsection 12.31 we write Y = I U J. If^/G / then y lies in the middle 
third of an interval of type hi or h 2 - Suppose without loss that the type is hi. Then 
Xm{hi{y)) = r]. Hence 

h&'HriQ , h^hi 

= (LS1)(!/) - (1 - y)A.2'"/2,(!;)-'e-'""'*"»°'“W|ft'i(!/)l/2.(fti(!;)) 

< 1 - (1 -y)2-<"»+^>|/o|y inf/oe“‘^''A.o<./.il»inf i/jji = < i 


In this way we obtain that there exists rji < 1 such that 

^((T)r/i(L”°M^)(?/), yei 


u^+i{y) < 


^{a){L^°ul^){y), yeJ 


Since {um,Vm) G Cb it follows in particular that llogM^U — ^*4161". Hence 
u^^ihx)/ul^ihy) < exp{2C4C“p"'°|6|"|x — y\^} < exp{|6|“|a; — y\^} by fl2.2p . Let 
w = Then 


W[X] 


My) \h'x\fo{hx)ul^{hx) 


My) Mx)T.h€n„o \h'y\Mhy)uUhy) 

where 

\h'x\fo{hx)ul^{hx) I 

——< expl^a X - ?/"I exp{/o ooMa^-y }exp{6 x-y }. 
\h'y\fo{hy)uf^{hy) 

Hence | logwlo < 7^161“ where K = 2|/g“^|oo|/oU+2C'2, and so w satishes the hypothe- 
ses of Proposition IrTTl Consequently, jjwdfi, > 6'" jjwdy. Let (3' = — -< 1. 


1-13' 

Then 5"' = —-and so 


l + (5" 


-hi 


{/3'— rji) i w dfi > (1 — 13') / w dy, 


which rearranges to give 


Hence 


'Y 


rji Jwdy + J w dy < (3' J w dy. 


M^+i dy<^(a) (^yi J_ 1^° (m^) dy + 1^° {Mj dy^ 

<i{a)l3' [ L'^°Mjdy = ^{a)/3' [ ul^dy. 


lY 


'Y 
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Finally by Remark 12.61 we can shrink e if necessary so that ^(cr)/3' < /? < 1 for 
|(j| < e. ■ 

2.6 From contraction to C°‘ contraction 

The next result shows how to pass from estimates to L°° estimates. 

Proposition 2.14 For any B > 1, there exists e G (0,1), r G (0,1), C 5 > 0 such 
that 


l:v\i < c,{i + mF 


|n||ti + C^B^\v\ 


n| dfi, 


for all s = a + ib, |cr| < e, n > 1, n G C‘^{Y). 

Proof Modifying the Cauchy-Schwarz argument in the proof of Lemma [2.131 

|i>l < K"f;' Yl ° h 

heHn 

= A;”/"' O h}m^/^{Mv\y^" ° h} 

h£Un 


so 


|r>l" < ° h Y \h'\(fM) ° h 

heHn heUn 

< ixfx2.nicr)Lu\v\)mv\) 

where ^(cr) = \fo/ fa\oo\f2a/fa\oo\fa/folodfa/ f2a\oc> < 16. By Remark ESI 

liyil < 16B-\vUL-{\v\)U (2.14) 

where B is arbitrarily close to 1. Since Lq is the normalised transfer operator for the 
uniformly expanding map F : Y —)■ R, there are constants C > 0, ri G (0,1) such 
that |Lotc|oo < C"rf||tc||Q, for all w G C^iY) with J wd^ = 0 and all n > 1. Note 
that ||tc||a R (1 + l^l“)ll'M^I|fe for all b. 

Taking rc = |n| — J |n| dfi, we obtain that |Lo(|n|) — J |n| dfi\oo < 2 C"rf||f|| q, and 
hence |Lo(|n|)|oo < 2C"(1 + | 6 |“)r”||r;||b + J\v\dn. Substituting into (I2.14p . we obtain 

mylo < 32C"(1 + | 6 |")(Rri)’^|n|oo|lr^||fe + 16R"|n|oo J |r^| dja. 

Finally, shrink R > 1 if necessary so that t = Bti < 1. ■ 
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Corollary 2.15 There exists e G (0,1), A > 0 and {3 G (0,1) such that 

\\Lt""°v\\b < nv\\b 

for all m > A\og \b\, s = a + ib, |ct| < e, \b\ > max{ 47 r/Zl, 1}, and all v G C"(F) 
satisfying |v|a < C4|6|"|u|oo- 

Proof Substituting in place of v in Proposition 12.141 and applying Corollary 12.81 
|L>|L <2C'3C'5(l + |6r)r"|n|oo||t^||6 + C'55”|n|oo(y' 

By Lemma [2.131 

< 2CsC,{l + 

for all m > 1. Shrinking B > 1 ii necessary there exists fti < 1 such that 

< 4C3C5(i + mmMw 

Hence, there exists H > 0, /92 < 1, such that < /9|™|n|oo|l'y||fe for all 

m > A log |6|, and so 

\Lf^^°v\oo </3f^\\v\\b for all m > Hlog |6|. (2.15) 

Next, substituting L^v for v in Lemma [2.71 

\LTv\a < C' 3 (l + | 6 r){|L>|oo + pllLyWb} < 2 C |(1 + | 6 |“){|L>|oo + P^v\\b}. 

Taking n = 2mno, and using fl2.15p . 

< 2 ^ 1(1 + mwiMb+p"^"°\\v\\b} < 4 ^ 1(1 + m^nvWb 

for all m > Hlog \b\. This combined with fl2.15p shows that < 4C|/d™||n||fe 

for all m > Hlog |6|. Finally the choices of /ds and A can be modihed to absorb the 
constant 4(71. ■ 

Theorem 2.16 Let D' = max{ 47 r/Zl, 2}. There exists e G (0,1), 7 G (0,1) and 
H > 0 such that ||P”||fe < 7 " for all s = a + ib, |(t| < e, |6| > D', n> A\og |6|. 

Proof We claim that there exists e G (0,1), 71 G (0,1) A,C>0 such that 
||2^4mno||^ < (77™ for all s = cr + ib, |(j| < e, \b\ > max{47r/Zl, 2}, m > A\og \b\. 

Suppose that the claim holds. Write n = AmuQ + r where r < Auq. By Corol¬ 
lary 12.81 

\\L^Jb < \\L:\\b\\Lt^^o\\b < 2C'3C'7r « (7^^'”°^. 
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By definition, PgV = X„faLs{f~^v) so using the fact that ||/o-||a and ||/“^||q, are 
bounded for |(j| < e, we obtain from fl2.4|) that ||P”||b XaY■ 

By Remarkwe can arrange that < 7 < 1 for |(t| < e. Then ||-PP'||f, < C' 7 "' 

for all n > A log | 6 |. Finally, we can increase A and modify 7 to absorb the constant 
C proving the theorem. 

The verihcation of the claim splits into two cases. In the harder case |u|q < 
C 4 |^|“|'?^|oo, the claim follows from Corollary 12.151 

It remains to deal with the simpler case where |v|q, > C' 4 | 6 |“|n|oo- Recall that 
C 4 > bCs > 6 so 

\LTv\oo < |^^|oo < (C'4|6|“)->|„ < {C,\bn-\1 + |6|“)||y||b < 2C^^V\\, < i||t;||fe. 

By Lemma ITTI and (I2.3p . 

\LTvU < (1 + miCMoc + Csp^°\\v\\b} 

< (1 + \bn{2C,C^^\\v\U + |||n|| J = 1(1 + miM,. 

Hence ||T”°||f, < |. ■ 


2.7 Proof of Theorem 12.1 

In this subsection, we show to proceed from Theorem 12.161 to the main result. 

Dehne the Laplace transform e~^^pv^wit) dt. The key estimate is the 

following: 

Lemma 2.17 There exists e > 0 such that py^^j is analytic on {Res > —e} for 
all V E Fa{Y^), w E L°°{Y^). Moreover, there is a constant C > 0 such that 

If loo for all s = a + ib with a E [—|e, 0]. 


Proof of Theorem 12.11 By Lemma 12.171 py^y, is analytic on {Res > —e}. The 
inversion formula gives 

Pv,v]if) J" e Pv^wi^s'^ ds, 

where we can take T = {Res = —|e}. 

Applying Taylor’s Theorem as in [m Section 4, VI], 

Pv,w(s) T P9tt;,u)(0)s T S Pd?v,w^sf 


Bv Lemma 12.171 k < k| 2 (l + | 6 |i/ 2 )||y||^^ 2 |w;|oo < + ^Iklkgl^loo 

for a = — |e and the result follows. ■ 

In the remainder of this section, we prove Lemma [2.171 Given v,w E L°°{Y^), 
s e C, dehne 


Os{y) = 


rRiy) 


e^^v{y, u) du, 


w 


■{y) = 


"Riy) 


e ‘^'^w{y,u) du. 
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Let jn{s) = JyC ^^"VgWs o dfj.. By Appendix 1X1 pv,w{s) = Jo{s) + (l/-R)'L(s) 
where \ Jo{s)\ < |f|oo|w|oo and \I>(s) = 

Let A, D' be as in Theorem 12.161 We split the proof into three ranges of n and 
b: (i) \b\ < D', (ii) n < Alog|6|, \b\ > 2, and (iii) |6| > D', n > Alog|6|. Lemma 12 .171 
follows from Lemmas UM UM below. 

Proposition 2.18 < 2e and JyC^^dp < oo. 

Proof The hrst statement follows from the ineqnality te^ < which holds for all 
f G M. By 


f F^dp = J2 [ dp<J2 diam 

heW^AY) h&H heH 


^e\Roh\a 


'\h'\ 


he.H'^AY) h&H 

which is hnite by condition (iv). 


Lemma 2.19 (The range n < Alog|6|, |6| > 2.) There exists e > 0, C > 0 such 
that 

|Jn(s)| < C'e“^(l + |6|^/^)|n|oo|w|oo 

l<n<Alog \b\ 

for all v,w & L°°{Y^) and for all all s = a + ib with a G [—|e, 0], |6| >2. 

Proof Note that |ns(2/)| < Riy)\v\oo and \ws{y)\ < R{y)e^^^^y^\w\oo < 

2 ^-igeiJ(y)|y^|o^_ Hence 

|y(s)| <‘2e~^\v\oc\w\oo J e^"^"Re^^ o F'^dp. 

It is convenient to introdnce the normalised twisted transfer operators Qs given by 
jyQsf 9 dp = 9 o F dp ioT f G L'^iY), g G L^{Y). Note that Qsf = 

fo^Psifof) and hence (like Pg) has spectral radins at most Ao-. Hence 


I e^^^-Re^^oF^dp<2e-^ j o F" d/i = 26“'y Qfle^^dp 


<2e-'|Q^l|oo^' 


e‘^^dp<2e I e"^ dp. 


— 1 \ n 




>Y 


It follows from Proposition 12.181 that there is a constant C' > 0 snch that |Jn(s)| < 


C'e ^A”Jn|oo|w|oo • 


Recall that A_e = (1 + d) where d = (5(e) —)■ 0 as e ^ 0. We can arrange that 
6A < i. Then < \b\RT Hence 

|Jn(s)| < AC"e“^log |6||6|^/^|n|ook|oo, 

l<n<Alog |6| 
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and the result follows. 


We recall the dehnition of the seminorm on Fa{Y^) given by ||f||a = |w|oo + l^la 
where \v{x,u) - v{y,u)\/\x - y\^. 

Proposition 2.20 Let h ^ TL. Then 

o h\oo < \Ro h\oo\v\oo, jit’s O h||„ < {Cl + |i?o h|oo)||t^|U, 

for all V G Fa{Y^), and all s = a + ib with a G [— 0]. 

Proof The hrst estimate is immediate. Also, 

|n^(a;) - Vs{y)\ < |n|oo|^(a:) - R{y)\ + |n|«max{i?(a:), i?(|/)}|a: - |/|“, 
so the second estimate follows from conditions (i) and (iii). ■ 


Proposition 2.21 There exists a constant Cq > 0 such that 

ItCsIl ^ CqC |tc|oo) |.fs(/bfs) |oo ^ Cq€ |t’|oo, ||(/of s) || 6 ^ CqC ||n 

for all V G Fa{Y^), w G L°°{Y^), and all s = a + ib with a G [—0]. 


Proof First, by Proposition 12.181 

^Riy) 

|ws|i = / \ws\dy < 


>Y 



e2‘^^^y')\w{y,u)\dudfi < \w\oo / i?e 2 d/i <c e ^|tc|oo- 


Y Jo 


lY 


Recall that PgV = Yhh&n ^s,hV where Ag^hV = e o h. Hence using Propo¬ 

sition 12.201 

|As,h(/ons)|oo < o h|oo|^^s o h|oo < |/o|oo|^^|ooe^"'^°^'°“|R o h|oo|h'| 

<2e-Vo|oo|^^|ooe^'^°'^l-|h'|. 


By condition (iv). 

|^s(/o^^s)|oo < 2e“Vo|oo|^^|oo5]]e"l^°''l“|h'| < e'VU- 

hen 

Finally, it follows from the proof of Proposition 12.51 that 

\AsMoVs)\a « (1 + o h||,. 

By Proposition 12.201 

\As,h{foVs))\a (l + |&r)e5^l''°"l-|h'|oo|RohU|l^;||a<<e-i(l + |6r)e^l^°"l-|h'^^ 

Hence by condition (iv), |Ps(/ons)|a -C e“^(l -|- |&|")||n||a and it follows that 
||^s(/ot's)||6 < ■ 
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Lemma 2.22 (The range |6| < D'.) There exists e > 0, C > 0 such that |^(s)| < 
C'e“^||f ||q,|w|oo for all v G Fa{Y^), w G L°°{Y^) and for all s = a + ih with a G 

[-it.o], |6| <D', 

Proof Replacing v hy v — JyR v we can snppose withont loss that v lies in the 

space B = {v G Fa{Y^) : Jy v{y, u) du dfi = 0}. 

It is again convenient to introduce the normalised twisted transfer operators Qs : 
^"(T) —)■ C^iY) mentioned in the proof of Lemma [2.191 We have 


OO « 

'J'(s) = V] / Q'fVsWsdll 
n=i -Jy 


'Y 


(I-Qs) iQsVs)wsdy, 



ZgV Wg dfi, 


where ZgV = (/ - 

Consider the family of operators Zg : B ^ C°‘{Y). We claim that this family 
is analytic on {Res > 0} and admits an analytic extension beyond the imaginary 
axis. Shrinking e if necessary, we can ensure that Zg is analytic on the region {s G 
[—e, 0] X [—Df D']} and hence there is a constant C" > 0 such that < C"||n||a. 

It then follows from Proposition I2.21l that |t['(s)| < C"||ns||a|r(;s|i < C"C|e“^||n||a|tc|oo 
for all s G [-e/2,0] x [-DfD']. 

Note that Qgf = fo^Pgifof)- Writing s = a + ib, the spectral radius of Pg and 
hence Qg is at most A^- where Aq = 1 and A^- < 1 for cr > 0. In particular, Zg is 
analytic on {Res > 0}. Hence to prove the claim, it remains to show that Zg is 
analytic on a neighborhood of s = ib for each 6 G M. 

For I Res I < e (with e > 0 sufficiently small), it follows from Lemma [2.71 that the 
essential spectral radius of Lg, and hence Qg, is strictly less than 1 , so the spectrum 
close to 1 consists only of isolated eigenvalues. 

For s = ib with 6 7 ^ 0, we have the aperiodicity property that 1 ^ specQjb. To see 
this, suppose that Qibf = f for some / G C“(F). By dehnition, Qg is the adjoint 
of / HG- e^^f o F and hence e^^^f o F = f. Choose g > 1 so that \qb\ > D' and set 
b = qb, f = p . Then o F = / and hence QfJ = f and Pdfaf) = fof. By 
Theorem 12.161 / = 0. 

It follows that for each 6 7 ^ 0 there is an open set Ub containing ib such that 
1 ^ specQs for all s G Ub- Hence (/ — : C°‘(Y) —)■ C"(F) is analytic on Ub- By 

Proposition 12.211 Zg : B ^ Pa(Y) is analytic on Ub- 

Finally we consider the point s = 0. For s near to 0, let 7ig denote the spectral 
projection corresponding to the eigenvalue A^ for Qg. In particular, tto/ = Jy f dqi. 
Then Qg = Xgiig + Eg where TTgEg = EgTig and Eg is a strict contraction uniformly 
in s near 0. Hence ZgV = = (1 ~ Xg)~^Xg7igVg + YgV where Yg is analytic 

in a neighborhood of 0. Moreover, A^ = 1 + cs + O(s^) where c 7 ^ 0, so Zg has at 
worst a simple pole at 0. But ttoUq = Jy '^( 2 /) '^) dy. = 0, so Zg : B ^ Pa(Y) is 
analytic on a neighborhood of 0 completing the proof. ■ 
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Lemma 2.23 (The range |6| < D', n > y41og|6|.) There exists e > 0, C > 0 such 
that 

^ ^ IIII a 1'^I oo) 

n>A log \b\ 

for all V e FaiY^), w G L°°{Y^) and for all s = a + ib with a G [—0], |6| < D'. 
Proof Using the fact that = /g"^P"'(e“^'^"/on) = fA we have 

Jn{,s) = j fAPAPsifoVs)) Ws dfi. 

By Theorem 12.161 

E E iiciwi/ius E 7"ii/iii.<(i-7)-'ii/ii*. 

ri>Alog|6| n>Alog|6| n>Alog|b| 

so the result follows from Proposition 12.211 ■ 


3 Flows over hyperbolic skew products 

In this section, we prove a result on exponential decay of correlations for a class of 
skew product flows satisfying UNI, by reducing to the situation in Section [2l Our 
treatment is analogous to [ 6 ]. 

Uniformly hyperbolic skew products Let X = Y x Z where Y = [0,1] and Z 
is a compact Riemannian manifold. Let f{y,z) = {Fy,G{y, z)) where F : Y ^ Y, 
G:Y X Z ^ Z are 0^+“. 

We say that / : X —)■ X is a uniformly hyperbolic skew product if P : U —)■ U 
is a uniformly expanding map satisfying conditions (i) and (ii) as in Section [2], with 
absolutely continuous invariant probability measure fi, and moreover 

(v) There exist constants U > 0, 70 G (0,1) such that \f^{y,z) — f"'{y,z')\ < 
GjqIz — z'\ for all y eY , z, z' & Z. 

Let 71 : X ^ Y he the projection 7i{y,z) = y. This defines a semiconjugacy 
between / and P. Note that {77~^{y) : ?/ G U} is an exponentially contracting stable 
foliation. 

Proposition 3.1 Given n : X —)■ M continuous, define n+,n_ : Y W by setting 
n+(j/) = sup^v{y, z), V-{y) = m.izv{y, z). Then the limits 

lim /(no /"■)+ dp, and lim /(no /”■)_ dp 

n^oo Jy n^oo Jy 

exist and coincide for all v continuous. Denote the common limit by J^vdpx; this 
defines an f -invariant ergodic probability measure px on X. Moreover, = P- 
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Proof See [U Section 6]. ■ 

Recall that L = Lq denotes the normalised transfer operator for F : Y ^ Y. 

Proposition 3.2 (a) Suppose v G C^{X). Then the limit 

riy{v)= \im{L'^Vn){y), nn(?/) = n o/"(?/, 0), 

n—>-oo 

exists for almost every y eY and defines a probability measure supported on 7r“^(|/). 
Moreover y i—)■ Pyiv) is integrable and 




Y Jn-^{y) 


V drjy dp,{y). 


(3.1) 


(b) There exists (7 > 0 such that, for any v G C°‘{X), the function y v{y) = 
In-^{y)V dpy Hgs in C^lY) and ||h||Q, < C||n||Q,. 

Proof This follows from Propositions 3 and 6 respectively of |9]. ■ 


Hyperbolic skew product flows Suppose that R : Y ^ M’*' is on partition ele¬ 
ments (cm, dm) with inf i? > 0. Dehne R : X ^ by setting R{y, z) = R(y). Define 
the suspension X^ = {(x,u) eXxR:0<u< R(x)}/ ~ where (x, R(x)) (fx,0). 

The suspension fiow fi : X^ —)■ X^ is given by ffix, u) = {x,u +1) computed modulo 
identifications, with ergodic invariant probability measure = {fix x Leb)/R. 

We say that fi is a hyperbolic skew product flow provided / : X —>■ X 

is a uniformly hyperbolic skew product as above, and R : Y ^ R"*" satisfies 

conditions (iii) and (iv) as in Section [2l If F : P —)■ P and R : Y ^ R’*' satisfy 
condition UNI from Section [2l then we say that the skew product fiow fi satisfies 
UNI. 

Function space Define Fa{X^) to consist of L°° functions v : X^ —)■ R such that 
Iblla = I'f^loo + I'i^U < where 

I I \v{y,z,u) -v{y',z',u)\ 

uL = sup ^--T—. 

{y,z,u)j^{y',z',u) {\y ~ d \ Y \z ~ Z \) 

Define Fa^k{d^^) to consist of functions with ||n|la,A: = X]j=o ll^t'^lla < °° where dt 
denotes differentiation along the fiow direction. 

We can now state the main result. Given v G L^{X^), w E L°°{X^), define the 
correlation function 


pv,w{t) = / VWO fidfi 


R 


V dfi^ I wdfi 
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Theorem 3.3 Assume that ft '■ X ^ X is a hyperbolic skew product flow 

satisfying the UNI condition. Then there exist constants c,C > 0 such that 

\pv,w{^)\ < Ce~‘'^\\v\\a,2\\u!\\a, 

for all V e w G F^{X^), t > 0. 

Remark 3.4 Again, it follows by interpolation (as in Corollary 12.3p that if the sus¬ 
pension flow is an extension of an ergodic flow on a compact Riemannian manifold M, 
then exponential decay of correlations holds for Holder observables n, w : M —)■ R. 

In the remainder of this section, we prove Theorem |3.3| following [B]. Let 7 = 7 “. 
Dehne V’t : —)• Z"*" to be the number of visits to Y by time t: 

'ipfly, u) = max{n > 0 : n -f t (?/)}. 

Proposition 3.5 There exist 5, C > 0 such that dfi^ < Ce~^^ for all t > 0. 

Proof Write 


f yR 


■ Rn{y) <u + t< Rn+i{y)} 


n=0 

oo 


n=0 n=0 


{Rn+l>t} dp. 


By Cauchy-Schwarz and Markov’s inequality. 


lY 


RliR^>t}dp < \R\2p{Rn > tyR = \R\2p{e^^- > 




1/2 


Recall that the normalised twisted transfer operator L^j is dehned for a G R near 0 
with leading eigenvalue A^- satisfying Aq = 1. We have 


I e^R-dp= I Ly^-dp= I L^_sldp, 
'Y Jy Jy 


.^SR„ 


SO Jy dp < A”^. Since Aq = 1, we can shrink 6 so that 7 = yA^^^^ < 1. Then 

/ OO 00 

7 ^* dp^ < < e-5'5*, 

n=0 —'1 


n=0 


as required. 
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Proof of Theorem 13.31 Without loss, we ixi3jy suppose thut ^ — 0. Defiue 

the semiconjugacy —)■ Y^, 7i^{x,u) = {7ix,u), so o tt^ = vr^ o and 

Dehne Wt ■ Y^ —)■ M by setting 


wt{y,u) = 
Then = Ii{t) + hit), where 


x^'K~^{y) 


hit) = I vw o f2tdy,x - I vwto Fto TT^ dux, 


w o ftix,u) drjyix). 


R J..R 


'XR 


IxR 


hit) = / vwto Ftox^ dux- 
JxR 

Now hit) = JxR^iw oft-WfO TT^) O ftdfi^, so |/i(t)| < |n|oo JxR \wo h-WfO 
TT^I dfix- Using the dehnitions of vr*^ and Wt, 

w o h{x, u) -wto n^ix, u) = wo h{x, u) - Wtixx, u) 

= / iwo h{x,u)-wo h{x',u))dr]^^^^iY). 

J x' £'K~^('KX) 

Recall that 7 = 7 q . It follows from condition (v) that 

\w O ftix,u) -WtO 'K^ix,u)\ < f 

J x'£7r~^{7rx) 

= = |u;|„7^* o7r«(a:,n). 


Hence 

\hit)\ \v\oo\w\a [ O dUx = \v\oo\w\a [ 7^^* 

JxR JyR 

By Proposition 13.51 |/i(t)| <€; |n|oo|w|ae“'^* for some 5 > 0. 

Next, dehne v : Y^ —)■ R by setting viy,u) = J^^^_j^^y^vix,u) drjyix). Since 
J^nvdjix = 0, it follows from Proposition I3.2r a) that fyn^dji^ = 0. Moreover, 
hit) = JyRVWt o Ffdji^ = pv^wth) where p denotes the correlation function on 
Y^. By Proposition I3.2lf bh v G and ||h||a,2 IkIIa,2- Clearly, |tct|oo < 

jwloo- Hence it follows from Theorem 12.11 that there exists c > 0 such that |/2(t)| -C 
e“'^*lklU,2l'^t|oo "C e“‘^*|klU,2l'^loo completing the proof. ■ 


4 Applications to smooth flows 

In this section, we mention applications of our results to certain open sets of Lorenz 
hows and Axiom A hows in R^. 
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4.1 Lorenz-like flows 


We consider C°° vector fields —)■ possessing an eqnilibrinm p which is 

Lorenz-like: the eigenvalnes of {DX)p are real and satisfy 

A,, < A, < 0 < -A, < A„. (4.1) 

The dehnition of geometric Lorenz attractor is fairly standard, and implies in par- 
ticnlar that there is a robnst topologically transitive attractor containing the eqni¬ 
librinm p. By Morales et al. [H], snch an attractor is singular hyperbolic with a 
dominated splitting into a one-dimensional nniformly contracting snbbnndle and a 
a two-dimensional snbbnndle with nniform expansion of area. It follows that there 
is a nniformly contracting strong stable foliation for the flow and a nniformly 
contracting stable foliation W® for the associated Poincare map g. (We refer to [16] 
for a precise statement of these properties. See also [5].) Tncker [12] showed that the 
classical Lorenz attractor is an example of a geometric Lorenz attractor. 

Qnotienting g along stable leaves in W* leads to a one-dimensional map g. 
Tncker [19] proved moreover that for the classical Lorenz eqnation Xq, and nearby 
vector helds, the one dimensional map g is locally eventually onto (l.e.o.). For con¬ 
venience, we say that X satishes l.e.o. if g satishes l.e.o. 

It is often the case that a smoothness assnmption is imposed on the foliation W^. 
Here we reqnire smoothness also of Following [2], we say that X is strongly 

dissipative if the divergence of the vector field X is strictly negative, and moreover 
the eigenvalnes of the singnlarity at p satisfy the additional constraint A^ -|- Xss < Xs- 
ByB Lemma 2.2] the foliation (and hence the foliation W*) is (7^+“ for a strongly 
dissipative geometric Lorenz attractor. 

Remark 4.1 Strong dissipativity is clearly a open condition. Moreover, for the 
classical Lorenz eqnations with vector field Xq : —)■ we have 

divXo = -f, A, = -§, A„^ 11.83, A,, ^-22.83, 

so condition (14. Ih and strong dissipativity are satisfied. Conseqnently the foliations 
and Ydg are for Xq and for nearby vector fields. 

For a > 0, let Ui^a denote the set of C°° vector fields X : —)• possessing a 

geometric Lorenz attractor, satisfying the l.e.o. condition, with a (7^+“ strong stable 
foliation for the flow and hence a stable foliation W* for the Poincare map. 

For vector helds in Wi+q,, the qnotient one-dimensional map ^ is a nonnni- 
formly expanding map with a “Lorenz-like” singnlarity corresponding to the Lorenz- 
like eqnilibrinm. 

Since g is l.e.o., we can choose an interval Y in the domain of g and an indncing 
time T :Y ^ 1Y snch that F = g'^ :Y ^ Y is a piecewise nniformly expanding 
map satisfying the assnmptions in Section |2l In particnlar, conditions (i) and (ii) 
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are satisfied. The absolutely continuous invariant probability measure for F leads in 
a standard way to an SRB measure p supported on the attractor for the flow. All 
mixing properties discussed below are with respect to p. 

Since the strong stable foliation is it is possible as in [DEIE] to choose 

a C^’''“-embedded Poincare section consisting of strong stable leaves. The properties 
above of F = F are unchanged, but the return time function r to the Poincare section 
is and constant along stable leaves in Wg and hence restricts to a return 
time function, also denoted r, for the quotient system. Inducing leads to a piecewise 
C^+oi in(iuced return time function R : Y ^ M’*' given by R{y) = 

Conditions (iii) and (iv) in Section [2] are verified in [5l Section 4.2.2] and [5l Sec¬ 
tion 4.2.1] respectively. Hence the quotient induced semiflow is a expanding 

semiflow as defined in Section [21 Similarly, the induced flow (starting with g instead 
of g and using the same inducing time r) is a hyperbolic skew product flow 

as defined in Section [3l To establish exponential decay of correlations, it remains to 
verify the UNI condition. 

Verification of UNI on Wi+q,, a > 0. Araujo et al. |2] established joint non- 
integrability of the stable and unstable foliations relative to a specihc choice of in¬ 
ducing scheme (the “double inducing scheme” dehned in [21 Section 3.1]). It is well- 
known unin that joint nonintegrability is equivalent to UNI when the stable foliation 
is smooth. For completeness we sketch the proof of the UNI condition. Throughout, 
we assume that the inducing scheme is the one in [21 Section 3.1]. 

Let tto denote the partition {{cm,dm)} of Y in the definition of the uniformly 
expanding map F : Y Y. Let ai denote the corresponding partition of the cross- 
section X for the Poincare map / for the induced flow, obtained from oq by including 
stable leaves. (In [2], the partition for / is denoted a. We use ai here to avoid conflict 
with a > 0.) 

Let a G be a partition element for /. Following [2], the temporal distortion 
function U : a x a —)■ R is defined almost everywhere on a x a by the formula 

OO 

D{y,z) = -r{g^[yF]) -r{g^[z,y]) +r{g^z)} 

j = -OG 
OO 

= ^{r{ 9 ^y) -r{g^[y,z]) - r{g^[z,y]) + r{g^z)}, 
j=-i 

where [y, z] is the local product of y and z, and the second equality follows since r 
is constant along stable manifolds. (Note that /, F, F in [2] correspond to g, /, F 
here.) The main technical result of [2] states that the stable and unstable foliations 
for the flow are not jointly integrable: 

Lemma 4.2 There exists a G ai and y,z ^ a such that D{y,z) ^ 0. 
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Proof This is implicit in |21 Theorem 3.4], as we now show. 

Let / : A —>■ A be the Young tower constructed in [21 Section 3.2] with partition 
a. (We refer to [2] for the prerequisite dehnitions.) Still following [21 Section 3.2], the 
temporal distortion function D on Y extends to A via the formula 

CXD 

j=-oo 

By® Theorem 3.4], there exists £ > 0 and a, a' & a lying in the t'hh level of A, and 
there exists p = {y, £) ^ a, q = {z, £) E a', such that -D(p, q) ^ 0. 

Since the local product on the tower is given by [p, g] = ([p,z],£) it follows from 
the dehnitions (recalling again that / in [ 2 ] is denoted g here) that 

OO 

^{{yP)APy) = {r°g\g^y) - r o g\g\y^z\) - rog\g\z,y\)\rog\gP)} 

j=-oo 

OO 

= ^ {rog\y) - rog\[y^z]) - r o g\[z,y]) + r o g^(z)} = D{y,z). 

j = -QO 

Hence D(p, z) = D{p,q) 7 ^ 0 as required. ■ 

Corollary 4.3 The UNI condition holds for X E Wi+a, for all a > 0. 

Proof Let a E ai, y, z E a. Write D{y, z) = Do{y, [y, z]) + Dq{z, [z, y]) where 

OO 

Do{y,z) = '^{r{g~^y) -r{g-^z)} 
i=i 

is dehned for y,z E a lying in the same unstable manifold for /. The proof of [21 
Lemma 3.1] establishes that there is a sequence of partition elements a* G oi and 
pairs of points p*, z* G a* with y^ = y, zq = z and yi-i = fyi, Zi-i = fzi for i > 1, 
such that 

OO 

Do{y,z) = '^{R{yi) - R{zi)}. 

i=l 

Now suppose for contradiction that UNI fails. By [ 6 l Proposition 7.4], there 
is a function ( and a locally constant function £ (constant on elements of ai) 
such that R = (of — ( + £. Since R is constant along stable manifolds and ( = 
— YA=o fAYPjZo it follows that C, is constant along stable manifolds. 

Substituting into the formulas for Dq and D, we obtain Doijj, z) = ({y) — ((z) and 

^(y, P = ((y)- C([i/, z]) + C(^) - C([u I/]) = o. 


Hence H = 0 on a x a for all a E a, contradicting Lemma [4.21 



Proof of Theorem 11.11 It follows from [12] and Remark |4.II that there exists a > 0 
such that ^0 ^ IntWi+Q,. By Theorem 13.31 and Corollary 14.31 exponential decay of 
correlations holds for all X G Ui+a- ■ 

Remark 4.4 Previous results in the literature on mixing for Lorenz attractors are 
as follows. (For simplicity, we do not state the optimal conditions under which each 
individual result is known to be valid.) 

By [H], weak mixing implies Bernoulli (and hence mixing) for vector helds in 
Ui+a, and [15] showed that these properties indeed hold. Moreover, by |2], all vector 
helds in Wi+a have superpolynomial decay of correlations. That is, for C°° observables 
n, tc : —)■ M the correlation function pv,w{t) decays faster than any polynomial rate. 
These results apply to the classical Lorenz equations Xq. 

The hrst results on exponential decay of correlations for geometric Lorenz attrac¬ 
tors were obtained by [5] who showed that vector helds in U 2 have exponential decay 
of correlations (for Holder observables). The above remarks show that this set has 
nonempty interior. However, it seems unlikely that Xq G W 2 , so the classical Lorenz 
attractor was not covered. 

Finally, we note related work of [8] and [12] which sets out a program to prove 
exponential decay of correlations for maps and hows with discontinuities. 

Corollary 4.5 For vector fields in lAi+a, the ASIP for the time-1 map of the corre¬ 
sponding flow (cf. Corollarv \2.0j) holds for Holder mean zero observables n : —)■ M. 

Proof This follows from Theorem 11.11 bv the methods in [2]. ■ 

Remark 4.6 Theorem C in [2] already covers the ASIP for the time-1 map if 
X G Ui+a, provided the observable v is C°°. The result here applies to all Holder 
observables. 

Remark 4.7 The results presented in this subsection rely heavily on p]. The only 
parts of [2] that are redundant are Subsections 3.4 and 3.5 together with Proposi¬ 
tion 2.6 and the last statement of Proposition 2.5. 

4.2 Axiom A flows 

In [1], it is shown that in all dimensions greater than two, there is an open set 
of Axiom A hows with exponential decay of correlations. Roughly speaking, these 
are hows with strong stable foliation (forced by a domination condition which is 
robust) satisfying the UNI condition. 

An immediate consequence of Theorem 13.31 is that we recover and extend the 
result in [1] in the three-dimensional case, since we require only that the strong 
stable foliation is (which is forced by a weaker domination condition). We 
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conjecture that the same is true in higher dimensions. To prove this it would be 
necessary to check that our extension of [7] to the situation works in the higher¬ 
dimensional setting of [6l Section 2.1], We have chosen to restrict attention to the 
lowest dimensional situation in this paper since it avoids certain technicalities and it 
suffices for the important case of Lorenz attractors. 


A Correlation function of a suspension semiflow 

In this appendix, we recall a formula of Pollicott ca for the correlation function 
corresponding to a suspension semiflow or flow. 


Proposition A.l Pv,w{t) = Yl^=oJn{f) where 


Jnit) 


Jyr l{t+u<R{y)}v{y, u)w{y, t + u) n = 0 

Jyr ^{Rr^{y)<t+n<Rr,+i{y)}v{y, u)w{F^y, t + u- Rn{y)) n>l 


Proof Write 


p{t)= l{u<t+n}v{y,u)wo Ft{y,u)dp 
JyR 


R 


lyR 


^{u<t+u<R(y)}v{y, u)wo Ft{y, u) dp 


R 


y] / URAy)<t+n<Rn+i{y)}v{y,u)woFt{y,u)dp^. 


The result follows. ■ 

Let Pv,w{s) denote the Laplace transform of Pv,w{t)- Similarly, let Jn{s) denote the 
Laplace transform of Jnit). We note that p and are analytic on {s G C : Re s > 0}. 
It is easily checked that Jn is analytic on the whole of C for each n. We require explicit 
bounds for the case n = 0. 


Proposition A.2 For each a > 0 there exists C > 0 such that 1 ^ 0 ( 5 )! ^ C'Inloolwloo 
for all s E C with Res > —a. 

Proof Begin by writing 


= 


= (1/^) 


3 / l{t+n<R{y)}viy,u)wiy,t + u) dp^ dt 

JyR 

R{y) rFy)-u 



e ^^viy,u)wiy,t + u) dt du dp. 


y Jo 


'0 
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Hence 


|'^o('5)| — |oo 1"?^ I oo(l/-R) 



R{y) r^(y)-'^ 


e“* dt dud n 


'Y Jo Jo 
,-2 / „aR 


< |^'|ook|oo(l/-R)a j -C |n|oo|w| 


by Proposition 12.181 


Proposition A. 3 Forn > I, J„(s) = {R) Ws o F” d/i where 

rR{y) rR(y) 

Vs{y) = / e^'"v{y,u) du, Ws{y) = / e~'‘^w{y,u) du. 

Jo Jo 


Proof First note that 


Jn{s) = e * Jn{t) dt 
Jo 

r rR(y) rRn+i{y)-u 

= {R)~^ / / / e~^^v{y,u)w{F^y,t + u — Rn{y)) dt dudy. 

Jy Jo J R„{y)—u 

The substitution u' = t + u — Rn{y) yields 


/* rR{y) r^i^^y) 

Jn{s) = (F)-1 y (^y u) du^ J e-^^'w{F^y, u') du'^ dy, 


which is the required formula. 
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